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Subspaces: Definition and Examples

Definition. A subset of R" is any collection of points of R".

For instance, the unit circle
C ={(x,y) in R |x2+y2=1}

is a subset of R2.

Above we expressed C in set builder notation: in English, it reads “C is the set of all
ordered pairs (x, y) in R? such that x?+ y2 =1.”




Definition. A subspace of R" is a subset V of R" satisfying:

1. Non-emptiness: The zero vector isin V.
2. Closure under addition: If u and v are in V, thenu+ v is alsoin V.

3. Closure under scalar multiplication: If v is in V and c is in R, then cv is also
inV.

As a consequence of these properties, we see:

e If v is a vector in V, then all scalar multiples of v are in V by the third property.
In other words the line through any nonzero vector in V is also contained in V.

e If u,v are vectors in V and c,d are scalars, then cu,dv are also in V by the third
property, so cu + dv is in V by the second property. Therefore, all of Span{u, v}
is contained in V

e Similarly, if v;,v,,...,v, are all in V, then Span{v,, v,,...,v,} is contained in V.
In other words, a subspace contains the span of any vectors in it.



Example. The set R" is a subspace of itself: indeed, it contains zero, and is closed
under addition and scalar multiplication.

Example. The set {0} containing only the zero vector is a subspace of R": it

contains zero, and if you add zero to itself or multiply it by a scalar, you always get
Zero.

A line L through the origin is a subspace.

L

Indeed, L contains zero, and is easily seen to be closed under addition and
scalar multiplication.



A plane P through the origin is a subspace.

Indeed, P contains zero; the sum of two vectors in P is also in P; and any
scalar multiple of a vector in P is also in P.



A line L (or any other subset) that does not contain the origin is not a
subspace. It fails the first defining property: every subspace contains the origin
by definition.



Theorem (Spans are Subspaces and Subspaces are Spans). If v,,v,,...,v, are
any vectors in R", then Span{v,,v,,...,v,} is a subspace of R". Moreover, any subspace
of R" can be written as a span of a set of p linearly independent vectors in R" for p < n.

To show that Span{v,,v,,...,v,} is a subspace, we have to verify the three
defining properties.
1. The zero vector 0 = 0v; +0v, +--- + 0v, is in the span.

Proof:

2. fu=ayv, +ayv, +---+a,v, and v = byv; + byv, +---+ b,v, are in
Span{v,,v,,...,v,}, then

u+V — (al + bl)vl +(a2+ b2)V2+"'+(ap + bp)vp

is also in Span{vy,v,,...,v,}.

3.If v=a;v; +a,v, ++--+a,v, is in Span{v,,v,,...,v,} and c is a scalar,
then

cv=cayv; +cazvy +---+cayv,

is also in Span{vy,v,,...,v,}.

Since Span{v;,v,,...,v,} satisfies the three defining properties of a subspace, it
is a subspace.



Proof(continued):

Now let V be a subspace of R". If V is the zero subspace, then it is the span of
the empty set, so we may assume V is nonzero. Choose a nonzero vector v; in
V. If V = Span{v,}, then we are done. Otherwise, there exists a vector v, that is
in V but not in Span{v, }. Then Span{v,, v,} is contained in V, and by the

If V = Span{v,,v,} then we are done. Otherwise, we continue in this fashion
until we have written V = Span{v,,v,,...,v,} for some linearly independent set
{v1,V,,...,v,}. This process terminates after at most n steps by this

If V = Span{vy,v,,...,v,}, we say that V is the subspace spanned by or generated by
the vectors vy, v,,...,v,. We call {v;,v,,...,v,} a spanning set for V.



Definition. Let A be an m X n matrix.

e The column space of A is the subspace of R™ spanned by the columns of A. It is
written Col(A).

e The null space of A is the subspace of R" consisting of all solutions of the
homogeneous equation Ax = 0:

Nul(A) = {x in R" | Ax = O}.
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Proof that the null space of a matrix A is a subspace.

We have to verify the three defining properties. To say that a vector v is in
Nul(A) means that Av = 0.

1. The zero vector is in Nul(A) because A0 = 0.

2. Suppose that u, v are in Nul(A). This means that Au = 0 and Av = 0. Hence
Alu+v)=Au+Av=0+0=0

by the linearity of the matrix-vector product in Section 2.3. Therefore,
u+ v is in Nul(A).

3. Suppose that v is in Nul(A) and c is a scalar. Then

Alcv)=cAv=c-0=0

Nul(A).

Since Nul(A) satisfies the three defining properties of a subspace, it is a
subspace.
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Recipe: Compute a spanning set for a null space.

To find a spanning set for Nul(A), compute the parametric vector form of the
solutions to the homogeneous equation Ax = 0. The vectors attached to the free
variables form a spanning set for Nul(A).
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Find a spanning set for the null space of the matrix
2 3 -8 -5
A= (—1 2 —3 —8)'

We compute the parametric vector form of the solutions of Ax = 0. The reduced
row echelon form of A is

1 0 -1 2

01 -2 =3/

The free variables are x; and x,; the parametric form of the solution set is

Solution

(X = X3 —2Xx4 %4 1 -9
Xy = 2x3 + 3X4 parametric X 2 3
{ — ; = X3 1 + X4 0
X3 = X3 vector form X3
t X4 = X4 Xy 0 1
Therefore,

Nul(A) = Span {

O, N
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& Definition. Let V be a subspace of R". A basis of V is a set of vectors
{vi,Vs,...,v,,} in V such that:

1. V =Span{vy,v,,...,v,}, and

2. the set {v{,v,,...,V,,} is linearly independent.

Recall that a set of vectors is linearly independent if and only if, when you remove any
vector from the set, the span shrinks (Theorem 2.5.12). In other words, if
{v{,V,,...,v,,} is a basis of a subspace V, then no proper subset of {v{,v,,...,v,} will
span V: it is a minimal spanning set. Any subspace admits a basis by this

theorem in Section 2.6.
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A nonzero subspace has infinitely many different bases, but they all contain the
same number of vectors.

A Definition. Let V be a subspace of R". The number of vectors in any basis of
V is called the dimension of V, and is written dim V.
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Let v{,V,,...,V, be vectors in R", and let A be the n x n matrix with columns
Vi Mgsii 5 5 Vs

16



A basis for the column space. First we show how to compute a basis for the
column space of a matrix.

Theorem. The pivot columns of a matrix A form a basis for Col(A).
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The above theorem is referring to the pivot columns in the original matrix, not
its reduced row echelon form. Indeed, a matrix and its reduced row echelon
form generally have different column spaces. For example, in the matrix A

below:
1| (2] 0 -1 1 0 —8 —7
A=|-2 -3 4 5 i 0 1 4 3
2 4 0 =2 0 0 0 O

pivot columns = basis «wwwwwwwwwawwwn pivot columns in RREF

the pivot columns are the first two columns, so a basis for Col(A) is

)G
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Corollary. The dimension of Col(A) is the number of pivots of A.

A basis for the null space. In order to compute a basis for the null space of a
matrix, one has to find the parametric vector form of the solutions of the
homogeneous equation Ax = 0.

Theorem. The vectors attached to the free variables in the parametric vector form of
the solution set of Ax = 0 form a basis of Nul(A).
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The Basis Theorem

Recall that {v;,Vv,,...,v,} forms a basis for R" if and only if the matrix A with columns

n X n matrix, these two conditions are equivalent: the vectors span if and only if they
are linearly independent. The basis theorem is an abstract version of the preceding
statement, that applies to any subspace.

Basis Theorem. Let V be a subspace of dimension m. Then:

e Any m linearly independent vectors in V form a basis for V.

e Any m vectors that span V form a basis for V.
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Find a basis for the plane

X1
V= xz |x1+x2=x3
X3

Solution

First note that V is the null space of the matrix ( 1 1 —1 ); this matrix is in

reduced row echelon form and has two free variables, so V is indeed a plane.

We write down two vectors satisfying x; + x, = x3:

o) ()

Since v; and v, are not collinear, they are linearly independent; since
dim(V') = 2, the basis theorem implies that {v,,v,} is a basis for V.
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Definition. The rank of a matrix A, written rank(A), is the dimension of the
column space Col(A).

The nullity of a matrix A, written nullity(A), is the dimension of the null space
Nul(A).

rank(A) = dim Col(A) = the number of columns with pivots
nullity(A) = dim Nul(A) = the number of free variables

= the number of columns without pivots

Clearly

# (columns with pivots) + # (columns without pivots) = # (columns),
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Rank Theorem. If A is a matrix with n columns, then

rank(A) + nullity(A) = n.

In other words, for any consistent system of linear equations,

(dim of column span) + (dim of solution set) = (number of variables).
Ax =0

The rank theorem theorem is really the culmination of this chapter, as it gives a
strong relationship between the null space of a matrix (the solution set of Ax = 0)
with the column space (the set of vectors b making Ax = b consistent), our two
primary objects of interest. The more freedom we have in choosing x the less
freedom we have in choosing b and vice versa.
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Consider the following matrix and its reduced row echelon form:

1] (2] 0 —1 1 0 48 L7
A=|-2 -3 4 5 RREF 0O 1 4 3
2 |4 0 —2 0O 0 0] 0.

basis of Col(A) free variables

A basis for Col(A) is given by the pivot columns:

1 2
) )
2 4
so rank(A) = dim Col(A) = 2.

Since there are two free variables x3, x,, the null space of A has two vectors
(see this theorem in Section 2.7):

8 7

—4 -3
1 1’10 ’
0 1

so nullity(A) = 2.

In this case, the rank theorem says that 2 + 2 = 4, where 4 is the number of
columns.



